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Plasma two-temperature equilibration rate
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A theory is developed that is suitable for describing a two-species thermalization process in a plasma with
parameters suitable for recombination to take place. Recombining plasmas have recently been produced using
positrons and antiprotons@M. Amoretti et al., Nature~London! 419, 456~2002!; G. Gabrielseet al., Phys. Rev.
Lett. 89, 213401~2002!#. The theory is not restricted to large Coulomb logarithm values, and correspondence
with prior theory is shown in the limit of large Coulomb logarithm values. The theory applies for two plasma
species, each having a Maxwellian velocity distribution and being weakly correlated.
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Nested Penning traps have now been used to attain o
lapping confinement regions for positrons and antiprot
such that antihydrogen recombination has been achie
@1,2#. The attainment of overlapping confinement regions
two oppositely signed plasma species in a nested Pen
trap appears to be possible even if each species has a
wellian velocity distribution@3#. However, the two specie
must be associated with disparate temperatures if each h
Maxwellian velocity distribution@3#. In this Brief Report, the
thermalization of two weakly correlated, Maxwellian plasm
species~e.g., one positron and one antiproton! is considered
theoretically. An expression for calculating the tw
temperature equilibration rate is developed that applies
any value of the Coulomb logarithm. Spitzer@4,5# formu-
lated an equilibration rate for a two-component plasma ba
on Chandrasekhar’s formulas for the velocity space frict
and diffusion coefficients@6,7#. Due to the approximations
employed, Spitzer’s formula for the equilibration rate appl
for large values (*10) of the Coulomb logarithm. Howeve
weakly correlated, recombining plasmas may be associ
with small Coulomb logarithm values@3,8#.

Consider a single test particle moving in a plasma
Maxwellian field particles. The test particle will exchange
energy with the field particles due to collisions. In a sing
encounter of a test particle with a field particle, the excha
of energyDE is given by

DE5 1
2 m~Dv212vDv i!, ~1!

wherem is the mass of the test particle,v is its speed,Dv is
the magnitude of its change in velocity due to the collisio
andDv i is the magnitude of its change in velocity along
direction of motion before the collision. Averaging Eq.~1!
over a Maxwellian velocity distribution for the field pa
ticles, the average time rate of change of the test part
energy is written as

^DE&5 1
2 m~^Dv2&12v^Dv i&!. ~2!

In Eq. ~2!, ^Dv i& and ^Dv2& are Fokker-Planck velocity
space friction and diffusion coefficients. Suppose tha
group of test particles have a Maxwellian velocity distrib
tion with temperatureT, which is different from that of the
field particles of temperatureTF . Averaging Eq.~2! over a
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Maxwellian velocity distribution for the test particles pro
vides the rate of change of the test particle temperature,

3

2
nk

dT

dt
5E ^DE& f M~v,T!dv, ~3!

wheren is the density of the test particle species,k is Bolt-
zmann’s constant, andf M(v,T) is the Maxwellian velocity
distribution with temperatureT,

f M~v,T!5nS m

2pkTD 3/2

expS 2
m

2kT
v2D . ~4!

Because the test particle velocity distribution is isotropic,
integral over solid angle can be carried out and Eq.~3! can
be written as

dT

dt
5

8p

3nkE0

`

^DE& f M~v,T!v2dv. ~5!

Substituting Eq.~4! into Eq. ~5! and carrying out a variable
change,u5v/v th with the thermal velocity of a field particle
defined asv th5A2kTF /mF, a nondimensional form of Eq
~5! can be written as

dT

dt
5

8z3/2

3Apk
E

0

`

^DE&exp~2zu2!u2du. ~6!

Here,z5TFm/(TmF), andmF is the mass of a field par
ticle. In order to integrate Eq.~6!, expressions for friction
and diffusion coefficients must be substituted into Eq.~2!.

Spitzer employed Chandrasekhar’s expressions for
friction and diffusion coefficients@5#,

^Dv i&52
4av thlG~u!

t0
, ~7!

and

^Dv2&5
2~av th!

2lerf~u!

t0u
, ~8!

wherea52m/m, the reduced mass ism5mmF /(m1mF), l
is the Coulomb logarithm, the time parameter for single p
©2004 The American Physical Society01-1
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ticle interactions ist05(nFv thpr 0
2)21, nF is the density of

the field particles, the interaction radius is defined asr 0
5ZZFe

2/@8pe0k(mTF /mF)#, Z and ZF are the charge stat
of a test particle and field particle,e is the unit charge,e0 is
the permittivity of free space, erf is the error function, a
Chandrasekhar’s function is defined asG(u)5
2 1

2 d/du@erf(u)/u#. Substituting Eqs.~7! and ~8! into Eq.
~2!, the integral in Eq.~6! can be carried out as

dT

dt
5

4m~av th!
2l

3Apt0k

z1/2~11z22a21!

~11z!3/2
, ~9!

where the Coulomb logarithm has been approximated as
ing constant. Equation~9! can be rearranged into the form

dT

dt
5

TF2T

teq
Spitzer

, ~10!

whereteq
Spitzer is given by

teq
Spitzer5

3mmF

8A2pnFl
S 4pe0

ZZFe
2D 2S kT

m
1

kTF

mF
D 3/2

. ~11!

Spitzer’s equilibration rate, given by Eqs.~10! and ~11!, ap-
plies when the Coulomb logarithm is large both becaus
was approximated as constant and because an approxim
was employed in the process of obtaining Chandrasekh
expressions for the friction and diffusion coefficients.

A variable change technique@8–13# has been developed
which has been used for deriving Fokker-Planck coefficie
Exact onefold integral expressions for Fokker-Plan
velocity-space friction and diffusion coefficients have be
obtained using the technique@8#. These expressions make
possible to recalculate the equilibration rate without plac
a restriction on the value of the Coulomb logarithm. T
expressions for the friction and diffusion coefficients are@8#

^Dv i&52
av th

t0u2E S erf~U !1erf~W!

ud

1
exp~2U2!2exp~2W2!

Apud
2 D dud ~12!

and

^Dv2&5
~av th!

2

t0u E erf~U !1erf~W!

ud
dud , ~13!

whereU5u1ud , W5u2ud , andud5Dv/(av th) is a non-
dimensional variable for change in velocity. Substituti
Eqs.~12! and ~13! into Eq. ~2!, Eq. ~6! can be expressed a
the following twofold integral:
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dT

dt
5

4m~av th!
2z3/2

3Apt0k
E E S erf~U !1erf~W!

~2a2121!21ud

2
exp~2U2!2exp~2W2!

221Apaud
2 D ududud

exp~zu2!
. ~14!

The integral in Eq.~14! over u can be evaluated to obtain

dT

dt
5

4m~av th!
2

3Apt0k

z1/2~11z22a21!

~11z!3/2

3E expS 2
zud

2

11z Dud
21dud , ~15!

or

dT

dt
5

TF2T

teq
, ~16!

and

teq5
3mmFt

16m2 S 1

2E exp~2x!x21dxD 21

. ~17!

Here, t5(nFvavgpr 2)21, where the average relative spee
between two different groups of Maxwellian particles
vavg5A8kT8/(pm), and the interaction radius is defined
r 5ZZFe

2/(8pe0kT8). The nondimensional interactio
strength is defined asx5H/(kT8), the collision strength is
defined as

H5
Dp2

8m
, ~18!

the magnitude of the momentum transfer for a collision ev
is Dp5mDv, and the reduced temperature is defined as

T85mS T

m
1

TF

mF
D . ~19!

No approximations are used to arrive at Eqs.~16! and ~17!.
However, the integral in Eq.~17! diverges due to the long
range Coulomb interaction, and a cutoff must be imposed
the nondimensional collision strengthx. The minimum and
maximum nondimensional change in velocity can be
pressed in terms of the average relative speed and the
lomb logarithm as@8#

ud,min5
vavg

v th
e2l, ~20!

ud,max5
vavg

v th
. ~21!

For the two-temperature system, the average relative spe
vavg52@(11z)/(pz)#1/2v th , and the integral limits for Eq.
~17! become
1-2
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xmin5
4

p
e22l, ~22!

xmax5
4

p
. ~23!

Substituting these into Eq.~17! gives

teq5
3mmF

4A2pnFGS 0,
4

p
e22l,

4

p D S 4pe0

ZZFe
2D 2S kT

m
1

kTF

mF
D 3/2

,

~24!

where the zeroth-order incomplete gamma funct
G(0,xmin ,xmax) is defined as

G~0,xmin ,xmax!5E
xmin

xmax
e2xx21dx. ~25!

The difference between Spitzer’s theory and the pres
theory is characterized by the ratio

teq
Spitzer

teq
5

GS 0,
4

p
e22l,

4

p D
2l

, ~26!

which is only a function of the Coulomb logarithm. Th
ratio is shown in Fig. 1. The plot in Fig. 1 indicates th
values calculated using Eq.~24! can be up to 3.6 times large
than those calculated using Eq.~11!. When the Coulomb
logarithm is larger than ten, however, the difference is l
than 5%. Thus correspondence occurs for large Coulo
logarithm values, as expected.

An expression for the Coulomb logarithm that is cons
tent with the present theory is@8#
.
V.
i,

L.V
d

P.
, A
n

rry
,
ls

ys

03740
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l5 ln~A11L2!, ~27!

whereL5rmax/b, rmax is the maximum impact paramete
and b5ZZFe

2/@32e0mk(T/m1TF /mF)# is the impact pa-
rameter for 90° scattering in the center of mass frame
reference as a result of a Coulomb collision. The maxim
impact parameter that should be used for considering in
actions between oppositely signed plasma species in Pen
traps has recently come into question and is the subjec
further investigation. Preliminary results indicate that t
larger of the two cyclotron radii associated with the tw
plasma species should be used. Or, if the Debye length a
ciated with the binary interactions is smaller than either
clotron radius, then the Debye length should be used.

This material is based upon work supported by the N
tional Science Foundation under Grant No. PHY-02444
and the Texas Advanced Research Program under Gran
3594-0003-2001.

FIG. 1. A plot of teq
Spitzer/teq vs the Coulomb logarithml.
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