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Plasma two-temperature equilibration rate
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A theory is developed that is suitable for describing a two-species thermalization process in a plasma with
parameters suitable for recombination to take place. Recombining plasmas have recently been produced using
positrons and antiprotori#1. Amoretti et al,, Nature(London 419, 456(2002; G. Gabrielseet al, Phys. Rev.

Lett. 89, 213401(2002]. The theory is not restricted to large Coulomb logarithm values, and correspondence
with prior theory is shown in the limit of large Coulomb logarithm values. The theory applies for two plasma
species, each having a Maxwellian velocity distribution and being weakly correlated.

DOI: 10.1103/PhysRevE.69.037401 PACS nuner52.27.3t, 52.25.Kn, 52.25.Tx, 52.25.Ya

Nested Penning traps have now been used to attain ovelaxwellian velocity distribution for the test particles pro-
lapping confinement regions for positrons and antiprotonvides the rate of change of the test particle temperature,
such that antihydrogen recombination has been achieved
[1,2]. The attainment of overlapping confinement regions for 3 dT _
two oppositely signed plasma species in a nested Penning E”"a‘f (AB)fm(v, Thdv, )
trap appears to be possible even if each species has a Max-
wellian velocity distribution[3]. However, the two species Wheren is the density of the test particle specikss Bolt-
must be associated with disparate temperatures if each hag@ann’s constant, antj,(v,T) is the Maxwellian velocity
Maxwellian velocity distributior3]. In this Brief Report, the  distribution with temperatur&,
thermalization of two weakly correlated, Maxwellian plasma 3
speciege.g., one positron and one antiproxés considered fu(v T)=n( m ) p(— ivz) (4)
theoretically. An expression for calculating the two- M 27KT 2kT
temperature equilibration rate is developed that applies for ) S )
any value of the Coulomb logarithm. Spitzgt,5] formu- _Because the test particle velocity dlsmbutlon is isotropic, an
lated an equilibration rate for a two-component plasma basettegral over solid angle can be carried out and €.can
on Chandrasekhar’s formulas for the velocity space frictiorPe Written as
and diffusion coefficient$6,7]. Due to the approximations

employed, Spitzer’s formula for the equilibrgtion rate applies d_T = S—wa<AE>fM(v,T)vzdv. (5)
for large values £10) of the Coulomb logarithm. However, dt  3nkJo

weakly correlated, recombining plasmas may be associated ) . )
with small Coulomb logarithm valugs,8]. Substituting Eq(4) into Eq. (5) and carrying out a variable

Consider a single test particle moving in a plasma ofchangeu=uv/vy, with the thermal velocity of a field particle
Maxwellian field particles. The test particle will exchange its defined asv,=2kTg/mg, a nondimensional form of Eg.
energy with the field particles due to collisions. In a single(5) can be written as
encounter of a test particle with a field particle, the exchange
of energyAE is given by dT _ 87%

dt 3zk

Here, {=Tgm/(Tmg), andmg is the mass of a field par-
wherem s the mass of the test particle,is its speedAv is ticle. In order to integrate Eq6), expressions for friction
the magnitude of its change in velocity due to the collision,and diffusion coefficients must be substituted into Ex).
andAv is the magnitude of its change in velocity along its  Spitzer employed Chandrasekhar’s expressions for the

direction of motion before the collision. Averaging Ed. friction and diffusion coefficient§5s],
over a Maxwellian velocity distribution for the field par-

J:(AE)exp(—guz)uzdu. ®)
AE=%m(Av2+2vAvH), (1)

ticles, the average time rate of change of the test particle 4av \G(u)
energy is written as (Avp)=-— T (7)
(AE)=3m((Av?)+20(Av))). (2 and

In Eq. (2), (Av)) and (Av?) are Fokker-Planck velocity- o 2(avy)’\erf(u)

space friction and diffusion coefficients. Suppose that a (Av%)= ToU ' (8)
group of test particles have a Maxwellian velocity distribu-

tion with temperaturél, which is different from that of the wherea=2u/m, the reduced mass jgs=mmg/(Mm+mg), A

field particles of temperatur€:. Averaging Eq.(2) over a is the Coulomb logarithm, the time parameter for single par-
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ticle interactions iSTOZ(nFUthWrS)_l, ng is the density of daT 4m(avth)2§3/2 erf(U) + erf(W)
the field particles, the interaction radius is definedrgs a:—f f P
=277:%[8megk(uTe/mg)], Z and Zg are the charge state 3w ok (2a 1)us
of a test particle and field particle,is the unit chargeg, is exp —U?) —exg —W2) | ududu;
the permittivity of free space, erf is the error function, and — 5 ) . (19
Chandrasekhar’s  function is defined asG(u)= 27t mauj exp({u?)
— 2d/du[erf(u)/u]. Substituting Eqs(7) and (8) into Eq. . ) )
dT  4m(avy)? (Y41+¢-2a1t
dT  4m(avy)®\ (*(1+¢-2a7") dT_ dmiavy)” £A1+L )
= 9 dt = 3ymmk  (1+)%?
dt 3ok (1+ )32 0
xfexr{—% u;tdu (15
where the Coulomb logarithm has been approximated as be- 1+¢) 70 T
ing constant. Equatiof®) can be rearranged into the form,
or
dT T T dT Te-T
a_ 7_Sgitzer’ (10 E: Teq ' (18
. and
where rgh**'is given by
3m m:r< 1 J ) )1
2 Tem———| = | exp(—x)x ~dx| . (17
Spitzer__ 3mm: 47760 k_T kl: 3 o 16,LL2 2 F(
Teq = + . (1)
8V2mnea \ZZe?) '\ m Mg

Here, ~r=(ana\,ga-rr2)‘1, where the average relative speed
) o ) between two different groups of Maxwellian particles is
Spitzer’s equilibration rate, given by Eq4.0) and(11), ap- | — \/8kT'/(7u), and the interaction radius is defined as
plies when the Coulomb logarithm is large both because it —77 e2/(87¢,kT'). The nondimensional interaction

was approximated as constant and because an approximatigfpength is defined as=H/(kT’), the collision strength is
was employed in the process of obtaining Chandrasekhargesfined as

expressions for the friction and diffusion coefficients.

A variable change techniqu&-13] has been developed, Ap?
which has been used for deriving Fokker-Planck coefficients. H= VR
Exact onefold integral expressions for Fokker-Planck K
velocity-space friction and diffusion coefficients have beeny,o magnitude of the momentum transfer for a collision event

obtained using the techniqyi]. These expressions make it ;¢ Ap=mAv, and the reduced temperature is defined as
possible to recalculate the equilibration rate without placing

(18

a restriction on the value of the Coulomb logarithm. The T T¢
expressions for the friction and diffusion coefficients g T =u EJF ol (19
F
avy, erf(U) +erf(W) No approximations are used to arrive at E($) and (17).
(Avp)=— N uzf U, However, the integral in Eq.17) diverges due to the long-
0

range Coulomb interaction, and a cutoff must be imposed on
the nondimensional collision strengih The minimum and

112\ _ _\\2
+exp( US) —exp—W ))dua (12) maximum nondimensional change in velocity can be ex-

\/;UE pressed in terms of the average relative speed and the Cou-
lomb logarithm ag8]
and .
u&,min:%}e_)\y (20)
avy,)? [ erf(U)+erf(W th
<Avz>:< th)f (WrerdW) gy

ToU Us vavg
Usmax™ " (21

’ Uth

whereU=u+ugs, W=u—ug, andus=Av/(avy,) is a non-

dimensional variable for change in velocity. SubstitutingFor the two-temperature system, the average relative speed is
Egs.(12) and(13) into Eq.(2), Eg. (6) can be expressed as vgq,g=2[(1+ O1(78) 1Yy, and the integral limits for Eq.

the following twofold integral: (17) become
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4 1
Xmin:;e_z)\a (22
0.8
4
Xmax— — - (23) 0.6
77 fcequitzer
Substituting these into E17) gives Teq 04
- 3mme drey |’ KT KTe 312 0.2
Ted™ 4, M\ \zze?) \moome) 0
4\27ngl O,;e - 0 2 4 6 8 10
(29 A
where the zeroth-order incomplete gamma function FIG. 1. A plot of 757"/ 7, vs the Coulomb logarithm.
I' (0 Xmin Xmay is defined as
Xmax )\=In(\/1+A?), (27)
T (0 Xpmin »Xmax) = e *x ldx. (25)
Xmin

n\@/hereA=pmaX/B, Pmax IS the maximum impact parameter,
and B=ZZ:*/[32e,uk(T/m+Te/mg)] is the impact pa-
rameter for 90° scattering in the center of mass frame of

The difference between Spitzer’s theory and the prese
theory is characterized by the ratio

4 4 reference as a result of a Coulomb collision. The maximum
spizer I'| 0i—e 2, — impact ter that should be used f idering int
73 T o impact parameter that should be used for considering inter-
L X , (26) actions between oppositely signed plasma species in Penning
eq

traps has recently come into question and is the subject of

which is only a function of the Coulomb logarithm. This further investigation. Preliminary results indicate that the
ratio is shown in Fig. 1. The plot in Fig. 1 indicates that larger of the two cyclotron radii associated with the two
values calculated using E(4) can be up to 3.6 times larger plasma species should be used. Or, if the Debye length asso-
than those calculated using EfL1). When the Coulomb ciated with the binary interactions is smaller than either cy-
logarithm is larger than ten, however, the difference is leslotron radius, then the Debye length should be used.

than 5%. Thus correspondence occurs for large Coulomb This material is based upon work supported by the Na-

logarithm values, as expected. tional Science Foundation under Grant No. PHY-0244444
An expression for the Coulomb logarithm that is consis-and the Texas Advanced Research Program under Grant No.
tent with the present theory [$] 3594-0003-2001.
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